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We construct a relativistic quantum mechanics for a boson. To do this we exploit two component
wave functions in Dirac type equations of motion. In our formalism we fix the pathological aspect of
particle probability density which appears in Klein-Gordon theory. Our solutions possess a negative
solution as well as a positive one. We also formulate a diagonal Hamiltonian of the relativistic
quantum mechanics for the boson.
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I. INTRODUCTION
It is well known that bosonic quantum mechanics and special relativity have not been unified until now [1–6], even
though the relativistic quantum mechanics for a single fermion has been successfully constructed by Dirac [7]. More
specifically, Klein and Gordon [3, 4] formulated the relativistic version of quantum mechanics for a spinless boson
by using one component wave function, similar to Schro¨dinger equation for nonrelativistic quantum mechanics for a
spinless particle. However, it is also well known in quantum field theory community that the Klein-Gordon relativistic
quantum mechanics for the boson is pathological because the particle probability density is not positive definite. Up
to now this pathological probability density problem in the relativistic boson quantum mechanics remains as an open
problem to be settled. In contrast, in the Dirac scheme of the relativistic quantum mechanics for a spin 1/2 fermion,
there is no such pathological aspect. We note that in the Dirac theory he exploited four component wave function
and 4×4 Dirac matrices. Moreover, the Dirac formalism possesses negative energy solutions as well as positive ones,
differently from the Klein-Gordon relativistic quantum mechanics where there exist only positive energy solutions.
In this work we will try to solve the open problem mentioned above. To do this, we will properly formulate the
relativistic quantum mechanics for one spinless boson, as in the relativistic Dirac quantum mechanics for the spin
1/2 fermion. In our relativistic quantum mechanics for the boson we will exploit two component wave function
instead of one component one of the Klein-Gordon case. As a consequence of this two component formalism, we will
fix the pathological problem mentioned above, and we will obtain the negative energy solutions in addition to the
positive ones, even in the relativistic bosonic quantum mechanics. Moreover, we will construct a diagonal Hamiltonian
by introducing a unitary 2 × 2 matrix. We will next study the Lorentz transformation of the relativistic quantum
mechanics for the boson. We will also investigate the bosonic antiparticles.
II. RELATIVISTIC QUANTUM MECHANICS FOR A SINGLE BOSON
In this section, we will construct equation of relativistic quantum mechanics for a single boson. To do this, we
orient the z axis so that it can point along the direction of motion of the boson, for simplicity. In this coordinates,
we have a relativistic relation
E2 = m2 + p2, (2.1)
with ~p = pzˆ, and an equation of relativistic quantum mechanics for the boson
Hφ = i∂0φ, (2.2)
where the 2× 2 Hamiltonian is defined as
H =
(
m −i∂3
−i∂3 −m
)
, (2.3)
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2and the corresponding wave function is given by
φ = (φ1, φ2)
T . (2.4)
Here we note that the bosonic representation needs two minimal components. In fact, the (spinless) nonrelativistic
quantum mechanics needs one component while the spin 1/2 nonrelativistic quantum mechanics needs two components
since we need two spin states 1/2 and −1/2 of the system. Similarly, the (spinless) relativistic quantum mechanics
needs two components corresponding to the positive and negative energy solutions, while the spin 1/2 relativistic
quantum mechanics needs four components originated from the the positive and negative energy solutions as well as
1/2 and −1/2 spin states of the system in the Dirac theory. The spin-one photon will be explained later. We also
rewrite (2.2) as follows
(iΓµ∂µ −m)φ = 0, (2.5)
where
Γ0 = σ3, Γ1 = Γ2 = 0, Γ3 = iσ2, (2.6)
with σi being the 2× 2 Pauli matrices.
We now consider the relativistic bosonic equations (2.2), which describes the relativistic motion of the single boson
and does not concern a many-particle system. First, for the case of the rest boson with ~p = 0, we have a solution of
the form
φ~p=0+ (x
µ) =
(
1
0
)
e−imt, φ~p=0− (x
µ) =
(
0
1
)
e+imt, (2.7)
where the first and second wave functions describe a positive-energy solution and a negative-energy one, respectively.
Second, for a solution of the relativistic boson with nonvanishing linear momentum ~p, there are two types of solutions
in this relativistic system as in the case of the above rest particle.
Since for the relativistic boson satisfying the relation (2.1) we have two kinds of solutions corresponding to
E = ±(m2 + p2)1/2 ≡ ±p0 (2.8)
with nonvanishing linear momentum ~p, we introduce an ansatz
φ(xµ) = φ(pµ)e∓ipσx
σ
(2.9)
for a positive (negative) solution with an upper (lower) sign. Here we have used the Minkowski metric of the form
ηµν = diag (+1,−1,−1,−1). (2.10)
We then readily find the positive energy solution φ+(x
µ) with E > 0 and the negative energy solution φ−(x
µ) with
E < 0 given by
φ+(x
µ) = u(pµ)e−ipσx
σ
, φ−(x
µ) = v(pµ)e+ipσx
σ
, , (2.11)
respectively, where
u(pµ) =
(
E +m
2m
)1/2(
1
p
E+m
)
, v(pµ) =
( |E|+m
2m
)1/2 ( p
|E|+m
1
)
. (2.12)
We then have the normalization relations
u¯u = u†σ3u = 1, u
†u =
E
m
, v¯v = v†σ3v = −1, v†v = |E|
m
. (2.13)
Here one notes that in the vanishing ~p limit, the positive and negative energy solutions φ±(x
µ) in (2.11) reduce to
the corresponding solutions φ~p=0± (x
µ) in (2.7). Similar to the Dirac theory, we interpret our negative energy solution
to describe an bosonic antiparticle associated with the boson given by the positive energy solution. More details will
be given later.
Reshuffling the equation of motion (2.2) (or (2.5)) we obtain
iσ3∂0φ− σ2∂3φ−mφ = 0. (2.14)
3Here we note that we have found the equation (2.14) of first order in the time derivative, which allows a straightforward
probability interpretation as in the Schro¨dinger equation [1, 2]. Taking Hermitian conjugate of the equation in (2.14),
we next construct
i∂0φ¯σ3 − ∂3φ¯σ2 +mφ = 0, (2.15)
where
φ¯ = φ†σ3. (2.16)
Exploiting (2.14) and (2.15), we find the continuity equation
∂0ρ+∇ · ~J = 0, (2.17)
where
ρ = φ¯σ3φ = φ
†φ = φ∗1φ1 + φ
∗
2φ2,
~J = φ¯(iσ2)φzˆ = φ
†σ1φzˆ = (φ
∗
1φ2 + φ
∗
2φ1)zˆ. (2.18)
Here one notes that the particle probability density ρ is positive definite in our case. We reemphasize that the quantities
in (2.18) are physically well defined to yield a good quantization, differently from the Klein-Gordon continuity equation
where the corresponding particle density ρKG for the relativistic boson is not positive definite [3–6]. Namely, the
particle density ρKG is pathologically defined in the relativistic Klein-Gordon scheme for the single boson.
III. DIAGONAL HAMILTONIAN AND LORENTZ TRANSFORMATION
In this section, we will diagonalize the Hamiltonian (2.3) and then we investigate the Lorentz transformation
associated with the relativistic quantum mechanics for the single boson. Now we introduce a unitary operator matrix
and its inverse one:
U =
(
m+ (m2 −△)1/2
2(m2 −△)1/2
)1/2(
1 i∂3
m+(m2−△)1/2
−i∂3
m+(m2−△)1/2
1
)
,
U−1 =
(
m+ (m2 −△)1/2
2(m2 −△)1/2
)1/2(
1 −i∂3
m+(m2−△)1/2
i∂3
m+(m2−△)1/2
1
)
,
(3.1)
where △ = ∂23 is the Laplacian operator. Acting the unitary operator and its inverse operator on the Hamiltonian in
(2.3), we construct the diagonal Hamiltonian matrix
HD = U
−1HU =
(
(m2 −△)1/2 0
0 −(m2 −△)1/2
)
. (3.2)
Here one can readily check that the eigenfunctions for the diagonal Hamiltonian matrix (3.2) are given by the positive
and negative energy solutions in (2.11).
Next, in order to investigate the Lorentz transformation, we consider the transformations in coordinates and deriva-
tives:
x′µ = aµνx
ν , ∂′µ = a
ν
µ ∂ν . (3.3)
Similar to the Dirac relativistic quantum mechanics for the spin 1/2 fermion, we consider wavefunction transformation
for the relativistic boson
φ′(x′µ) = Sφ(xµ), (3.4)
where S is a 2 × 2 matrix to be fixed later. In this formalism we consider covariance of the equation (2.5), by
investigating the following equation
(iΓµ∂′µ −m)φ′(x′µ) = 0, (3.5)
4which, exploiting the transformations in (3.3) and (3.4), produces the covariance condition
S−1Γµa
µ
νS = Γν . (3.6)
We now consider a t-z boost along the z axis parallel to the direction of the free spinless boson, in which we have
the 4× 4 matrices aµν (µ, ν = 1, 2, 3, 4). The aµν then become
aµν = ηµν + ǫµν , (3.7)
where ηµν is given by (2.10) and the nonvanishing ǫµν are given by
ǫ03 = −ǫ30 = u, (3.8)
in a small u limit for the boost. We next introduce S of the form
S = I − i
4
σµνǫ
µν . (3.9)
After some algebra, for the finite t-z boost we obtain
Szboost = e
−uσ1/2, (3.10)
which fulfill the covariance condition (3.6). Similarly, for t-x and t-y boosts we obtain
Sxboost = S
y
boost = I. (3.11)
We find here aspects similar to the relativistic fermion in the Dirac theory. One notes that the boost operators satisfy
the following identities
S†boost = Γ
0S−1boostΓ
0. (3.12)
Next, we consider a x-y rotation along the z axis parallel to the direction of the free spinless boson, in which we
have the 4× 4 matrices aµν in (3.7) where ηµν is given by (2.10) as before and the nonvanishing ǫµν are given by
ǫ12 = −ǫ−21 = −θ, (3.13)
in a small θ limit for the rotation. Introducing S in (3.9), for the finite x-y rotation along the z axis we find
Szrot = I, (3.14)
which fulfill the covariance condition (3.6). Similarly we obtain
Sxrot = S
y
rot = I. (3.15)
We thus notice that, for the free spinless boson of interest, we find
Srot = I, (3.16)
which satisfies the identity
S†rot = Γ
0S−1rotΓ
0. (3.17)
On the other hand, the covariance of the equation (2.5) is related ro the commutation relations characterizing the
homogeneous Lorentz group [8]
[Mµν ,Mρσ] = −δµρMνσ + δνρMµσ + δµσMνρ − δνσMµρ, (3.18)
where Mµν =
i
2σµν . For the case considered in this work where we have Γ
i (i = 0, 1, 2, 3) in (2.6) associated with
the linear particle motion along z-direction, we have only one nonvanishing component σ03 = −iσ1 of σµν and the
other components vanish. Here one notes that we have no rotational motions at all, since in this relativistic quantum
mechanics for spinless free boson we have no spatial angular momentum and no spin. Moreover, we explicitly have
Mij = 0 (i, j = 1, 2, 3), consistent with the above statements. We thus have only three physically meaningful quantities
5M0i (i = 1, 2, 3) corresponding to the linear boost degrees of freedom. The commutation relations in (3.18) reduce to
those originated from the physically relevant boost generators as follows
[M0i,M0j ] = 0. (3.19)
We now have the nonvanishing generator M03 =
i
2σ03 so that [M03,M03] = 0 which satisfies the above commutation
relations (3.19). One can readily check that the other components of the group generators M0i (i = 1, 2) vanish
trivially and their corresponding commutation relations (3.19) also holds.
Finally, we reconsider the wave function transformed via the boost along the z-axis
φ′ = Szboostφ. (3.20)
Combining (3.10) and (3.20), we obtain
φ†′φ′ = φ†e−uσ1φ 6= φ†φ, (3.21)
which shows that φ†φ is not invariant under the Lorentz transformation in (3.10). Moreover, we find that φ†φ
is invariant under the other Lorentz transformations in (3.11) and (3.16). However, for the boosts and rotations
discussed above, we find the identity
φ¯′φ′ = φ¯φ, (3.22)
with φ¯ in (2.16), so that φ¯φ is invariant under the Lorentz transformations.
IV. PHOTON AND ANTIPARTICLES
In order to investigate antiparticles we first construct wavefunctions for the photon. To do this, at first we revisit
the relativistic quantum mechanical equations (2.5) and their solutions (2.11) and (2.12) from which, in the massless
limit, we obtain the following positive and negative energy solutions
φm=0+ (x
µ) =
(
1
1
)
e−ipσx
σ
, φm=0− (x
µ) =
(
1
1
)
e+ipσx
σ
, (4.1)
where normalizations will be fixed later together with the spin-one photon case. These solutions however cannot
describe the spin-one photon. Here one notes that the above solutions in (4.1) satisfy the following equations of
motion
φa = 0, (a = 1, 2), (4.2)
which can be readily obtained from the massless limit of the spinless relativistic quantum equations (2.5) for the single
boson.
Since the neutral photon is known to be equal to its antiparticle and φ1 = φ2 in both (4.1) and (4.2), we construct
the massless photon wave functions with spin-one, by exploiting φm=0± (x) in (4.1) and the unit polarization vector ǫ
µ
to yield the photon wave functions corresponding to the four-vector potential
Aµ(xν) =
ǫµ(pν)√
2p0V
(e−ipσx
σ
+ e+ipσx
σ
). (4.3)
Here ǫµ have the spacetime index µ (µ = 0, 1, 2, 3) which is needed to incorporate minimally the spin degrees of
freedom, and the normalization factors with p0 and space volume V are fixed so that the photon energy ω in the
electromagnetic wave can be given by ω = p0 = |~p| [5, 6]. One notes that we have reduced the two components into
the one component in constructing Aµ, and we have included the degrees of freedom originated from µ indices in Aµ
associated with spin-one. This construction is consistent with both the standard photon relativistic representation
and the treatment of Aµ coupled to the fermionic Dirac four component formalism, similar to (4.7) below. Here we
also recall that ǫµ satisfy the transversality condition
ǫµp
µ = 0, (4.4)
needed by the radiation field nature. Moreover, the above solutions in (4.3) fulfill the following generalized equations
of motion for the photon
Aµ = 0, (µ = 0, 1, 2, 3), (4.5)
6from which we obtain pµp
µ = 0. Now we consider a Lorentz frame where ǫµ is purely spacelike so that we can
readily find ǫµǫ
µ = −~ǫ ·~ǫ = −1. The above equation in (4.4) then yields ~ǫ · ~p = 0, so that we can define two spacelike
polarization vectors ~ǫI (I = 1, 2) satisfying ~ǫI ·~ǫJ = δIJ . We now note that ~ǫI (I = 1, 2) and ~p form a three dimensional
orthogonal basis system as desired [5, 6].
On the other hand, exploiting (2.5) we obtain
(+m2)φa = 0, (a = 1, 2). (4.6)
Here we need to be careful with the fact that these equations are not the Klein-Gordon equation because we have
the two component wave functions φ1 and φ2 of these equations. Moreover, the particle number density in our
quantization was shown to be positive definite as in (2.18), different from the Klein-Gordon equation possessing the
pathologically defined particle probability density explained above.
Now we consider antiparticles in the relativistic quantum mechanics for the single boson. To proceed, we include a
minimal electromagnetic interaction to yield, together with Aµ in (4.3),
(iΓµ∂µ − eΓµAµ −m)φ = 0, (4.7)
where e is a charge of the particle. For instance,we consider the π− boson. One can now have an one-to-one
correspondence between the negative energy solution of (4.7) for the π− and the π+ eigenfunction φc which will be
the positive energy solution of the following equation,
(iΓµ∂µ + eΓ
µAµ −m)φc = 0. (4.8)
Here one notes that the π− can be interpreted as the absence of the negative energy solution of (4.8). After some
manipulation, we have the relation between the π− wavefunction φ in (4.7) and the π+ wavefunction φc in (4.8) as
follows
φc = CΓ0φ
∗, (4.9)
where CΓ0 is a charge conjugation operator. Here one notes that C is constrained by the following identity
C−1ΓµC = −ΓµT , (4.10)
and in our theory C = −σ1. For instance, combining (4.9) and C = −σ1 and applying the result to the rest boson
case, we can readily find that the negative energy solution φ~p=0c− is equal to φ
~p=0
+ in (2.7). Namely, the absence of a
negative energy solution particle π− at rest is equal to the presence of a positive energy solution one π+ at rest. This
statement can be applied to more general cases with nonvanishing linear momentum without loss of generality. The
positive energy solution thus delineates the particle π− of mass m and charge e (e < 0), while the negative energy
solution describes the antiparticle π+ of mass m and charge −e.
V. CONCLUSIONS AND DISCUSSIONS
In summary, this work has treated the well-known open problem concerning the pathological boson probability
appeared in the Klein-Gordon approach to the relativistic quantum mechanics. In order to solve the open problem,
we have exploited two component wave functions and 2×2 Dirac type matrices. In our formalism, we have obtained
the negative energy solutions as well as the positive ones. In fact, in the nonrelativistic quantum mechanics for the
spin 1/2 fermion, we need two component wave functions to describe spin up and spin down states. In the Dirac
relativistic quantum mechanics for the spin 1/2 fermion, we need the four component wave functions to obtain spin up
and spin down states with the positive and negative solutions. In this sense, it is natural to exploit the two component
wave functions for describing the relativistic quantum mechanics for the spinless boson, because we have the positive
and negative solutions associated with the relativistic formalism, and we do not need spin up and spin down degrees
of freedom associated with the spin 1/2 theory. We next have formulated the diagonal Hamiltonian by exploiting
the unitary matrix. We also have investigated the Lorentz transformation involved in the relativistic boson quantum
mechanics.
Next, we note that the relativistic fermion case to which Heisenberg exclusion principle is applicable, one can
formulate the Dirac sea because the exclusion principle allows only one fermion in a single particle state. However, in
the relativistic boson case, we have Bose-Einstein condensate where all the bosons can be located in a single particle
state, to conclude that we cannot have a bosonic sea.
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